By using the lattice statistical argument, we have shown that for a protein whose subunits have the same number of neighbors, the three parameters (KAB, KBB, and KsKt) in the sequential theory formulated by Koshland, Nemethy, and Filmer [Biochemistry (1966) 5, 3651 can be reduced to two parameters. One of the parameters, Z, measures the strength of the subunit interactions and is related to the apparent free energy of interaction (AFVI) by Z = exp (-AF°I/2mkT), where m is the number of neighbors in a subunit and kT has the usual meaning. In addition, we relate Wyman's allosteric binding potential [Advan. Protein Chem. (1964) 19, 2231 to the canonical partition function of the McMillan-Mayer theory [J. Chem. Phys. (1945) 13, 2761. An explicit form relating the apparent free energy of interaction and the Hill coefficient is given for an allosteric protein that has nonequivalent and independent ligand-binding sites. The present formulation can be used to account for a number ofrecent experimental results on hemoglobins.
The molecular mechanism for the cooperative oxygenation of hemoglobin (Hb) has been a subject of intense research during the past 70 years and has also been used as a model for understanding the actions of regulatory enzymes. There are enormous amounts of published experimental data on both equilibrium and kinetic studies of this protein (1) . Human adult hemoglobin is a protein molecule consisting of four subunits, namely, two a chains with 141 amino-acid residues each and two ( chains with 146 amino-acid residues each (1) . In 1910, Hill (2) fitted the experimental data on the oxygenation of hemoglobin by the following empirical relations:
Hb + nO2 =± Hb(02)n, [1] Y = (kpn)/(l + kpn) [2] where Y is the fraction of oxygenation, k is the association constant, p is the partial pressure of oxygen, and n is the Hill coefficient which is an empirical measure of the cooperativity of the oxygenation of hemoglobin. For a protein molecule consisting of four subunits, the maximum value of n is 4. The Hill coefficient for Eq. 1 would be unity if the four subunits were identical and noninteracting and if there were no quaternary structural change in the protein molecule. The Hill coefficient for oxygenation of hemoglobin has been found to be approximately 3 (1) . This value suggests that there are significant amounts of intermediates (i.e., Hb with one, two, or three molecules of oxygen) formed during the oxygenation process. In 1925, Adair (3) obtained a better fit to the experimental oxygenation curve of Hb with four parameters, Which were the successive affinity constants of oxygen molecules to the four heme groups in a hemoglobin molecule.
In recent years, two phenomenological models or theories have been proposed to account for the oxygenation of Hb: (i) the allosteric transition model proposed by Monod, Wyman, and Changeux (4) [3] where kT has the usual meaning. We let g(t,s,NAB) be the number of ways in which the B units can be distributed among s positions in a protein so that there are NAB nearest-neighbor pairs of type AB. In any one of these g configurations, the total interaction potential W is:
where NAA and NBB are the nearest-neighbor pairs of types AA and BB, respectively. The second equality is obtained by using ms = 2NBB + NAB, m(t -s) = 2NAA + NAB, [5] where m is the number of bonds from one subunit to the nearest-neighbor subunits. In the above equation w is defined as W = WAA + WBB-2WAB [6] * In the KNF sequential theory (5), the interactions between the subunits may be represented by a set of three equilibrium constants, namely KIA = 1 (chosen as an arbitrary reference), and is equal to the change in energy (or free energy if the w's are functions of temperature) in the process, 2AB > AA + BB. [7] We let jA(T) and jB(T) represent the partition functions of one A and one B unit, respectively (where T is the absolute temperature). The explicit forms used for ?A and jB depend on the particular system of interest.
The canonical ensemble partition function is given as (6-9): HJ1(t^mT) = jA -8 jBSE g(tsNAB)e-/
[8]
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If there are no interactions among the subunits, the sum becomes g(tsNAB) = ) NAB 5!(t -) [9] which is the number of ways of distributing s B units among t possible positions in the protein. With Eq. 5 we find from Eq. 8 that H,(t,m,T) = Ho(tjmT)Q$ E g(t,s,NAB)ZNAB, [10] NAB where Ho(t,m,T) = jA(T)e-mtwAA 2kT
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and Q = (j./J.) e mWBB/ kT/e-mWAAI2kT.
= KSK8(KBB/KAA)m/2.
[11]
Here, the ratiojB/jA is equal to KK8 in the KNF theory and reflects the relative intrinsic stability of the two kinds of units. (t -NAB/2)!(t -s -NAB/2)![(NAB/2)!]2 Note that Eq. 10 is not applicable to a finite linear lattice, where the sites in the two ends are different from the ones within.
Based on their proton nuclear magnetic resonance of human normal and abnormal hemoglobins, Ho and coworkers have concluded that the a and i3 hemes in human adult Hb are not equivalent (10) (11) (12) . More recently, Lindstrom and Ho (12) found that in the presence of organic phosphates, oxygen molecules bind to the a chains in preference to the a chains. If the a and ,3 chains in Hb A are functionally nonequivalent, the canonical ensemble partition functions for the tetragonal lattice should be modified as follows: Hs Xs/Ho asp-o0, [12] where p is the density of a solute. The binding potential of Wyman relates the fractional ligand saturation X by the following relations (13):
The apparent free energy of interaction AF0_ can be obtained from the plot of ln [Y/(1 -Y)] against X (i.e., the Hill plot) and is related to H8 by (9) : AF°r = kT In {t2 (HoHt)/(H1H t-.I)}. [14] Since for the lattice where all the sites have the same number of neighbors, we have g(t,0,NAB) & 9(t0tNAB) = [17] Since the equilibrium constant between the conformation i and the reference conformation is Li = Ho()/Ho(') [18] ( If we alloweach subunit to have one independent binding site and define the effective partition function for a site of type j in the conformation i to which zero or one ligand molecule is bound as hj(i) (0) and hj(/) (1) , respectively, Hj(') then becomes [20] By substituting Eq. 20 into Eq. 19 Wyman (13). Thus K11, and K~i, can be respectively considered as the factors due to anticooperative and cooperative interactions. The Hill coefficient n is the slope of the Hill plot and is closely related to the average free energy of interaction of the sites (13). For i = 2 and T1 = T2 = 2, we may find the expression for n from Eq. 21 by following the method similar to that given by Watts-Tobin (14): Hg at 370 and at neutral pH (1), it is not surprising that n1/2 for the oxygenation process for human adult Hb is greater than that for the CO binding.
Summary
First, we wish to point out that the KNF theory, which was derived from the thermodynamic arguments, can be related to the well-known lattice statistics (7, 8, 20) . In the past, the lattice statistics have been applied to the study of the helix-coil transitions in infinitely long polynucleotides and polypeptides (20) . From this approach, we find that the three parameters in the KNF theory are related to the two parameters in the lattice statistics by Eqs. 1Ob and 11. One of the parameters, Z, can be obtained directly from the Hill plot by Eq. 15 . The other parameter Q can be obtained from the experimental data on Pi/2 (i.e., Q = l/pi/2). Thus, this paper offers a convenient way to fix the parameters in the KNF theory. Further, the reduction of the three parameters into two will enable us to extend the KNF theory to nonequilibrium kinetics readily (21). Second, we derive the expression for the apparent free energy of interaction and the Hill coefficient for an allosteric protein which has nonequivalent and independent ligandbinding sites. These expressions have been used to account for a number of recent experimental results on hemoglobins and can be applied to other regulatory enzymes.
